Abstract An efficient electrostatic resonator is designed by adding a low voltage controller to an electrostatic actuator. The closed loop actuator shows stable, and bi-sable behaviors with bounded chaotic oscillations as large as 117% of the capacitor gap. The controller voltage is decreased from a previously designed resonator to less than 9 V thereby reducing the load on the controller circuit components. Bifurcation diagrams are obtained showing the frequency and magnitude of AC voltage required for chaotic oscillations to develop. The information entropy, a measure of chaotic characteristic, is calculated for the micro-resonator and is found to be 0.732.
Despite the few reported studies on the usefulness of chaos in macro-scale applications, there is no evidence of applying chaos for detection in micro-scale systems. The main reason for this deficiency is the lack of resources on the nonlinear dynamic behaviour of MEMS. Most researchers avoid nonlinear systems due to their complexity. Only in the last decade, have researchers paid attention to the study of nonlinear dynamics in MEMS and NEMS since the main elements of these systems, including cantilever beams and doubly clamped beams, show significant nonlinear responses that cannot be neglected and need thorough study [7] . Such attention is now growing due to the fast growing area of NEMS showing strong chaotic responses that can be effectively used towards developing nonlinear sensors with improved resolution.
In smaller scale NEMS, there are recent studies on nonlinear vibration, chaos and their applications [8] [9] [10] . Bucks et al. [8] found higher mass detection sensitivity is achieved once a nanomechanical resonator is operated in the nonlinear region. Conley et al. [9] studied the onset of nonlinear planar motion and nonplanar whirling motion of electrostatically excited nanowires with a proposed application in an overload detection mechanism. This study was further developed by Chen et al. [10] , who presented a bifurcation diagram for the extensive nonplanar chaotic oscillations of a nanowire at elevated AC voltages. Chen et al. [10] suggested using the chaotic nanowire oscillators in random number generation used in secure communications.
A bi-stable system with two stable equilibrium points is a typical system used to produce chaotic oscillations. Bi-stability and chaos have been reported in atomic force microscopy (AFM) [11] [12] [13] [14] [15] [16] , and electrostatic MEMS [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Bi-stability in MEMS was analyzed for electrostatic actuators with geometrical nonlinearities [21] [22] [23] [24] . Zhang et al. [21] investigated the static response of an arch-shaped beam that showed either snap-through and pull-in, or only pull-in, under electrostatic loading. The snap-through response led to bi-stability with a large amplitude response. Nonlinear dynamic responses of arches including softening behaviour, dynamic pull-in and snap through were recently reported by Younis et al. [28] and Ouakad et al. [29] . Bi-stability has also been reported in static response and hysteretic jumps in the response of AFM when the tip-sample distance was less than 10nm [14] . The potential energy in the bi-stable region was an asymmetric two-well potential. They also found that the frequency response at large amplitudes contained multiple harmonics due to period doubling. Zhang et al. [26] studied softening in an electrostatic micro-cantilever beam and reported period doubling bifurcations in their simulations.
Chaotic vibrations have been observed in bi-stable non-interdigitated comb drive electrostatic actuators. Wang et al. [18] modelled them using a mass-spring system as a Duffing oscillator with a two-well potential field. Through simulations and experiments they have shown chaotic oscillations in the two-well region of the system. As an extension to this work, De and Aluru [19] presented a model for the system including the electrostatic forcing, nonlinear stiffness, and squeeze film damping. They showed that even in the absence of the nonlinear mechanical and fluidic forces, the system had chaotic attractors. Thus, the electrostatic forces were found to be the primary mechanism producing chaos. The boundaries for chaotic motion in the amplitudefrequency space of the applied voltage were found both from experiments and from Melnikov's method by DeMartini et al. [20] .
Chaos has also been studied in a closed loop feedback controlled electrostatic actuator with capacitive sensing [27] designed by Lu and Fedder [30] for position tracking of probe-based magnetic disk drives. Other approaches for controlling electrostatic actuators include using delayed feedback controllers [31, 32] . Liu et al. [27] used a lumped mass model to study the probe response and reported chaotic oscillation in the presence of forced excitations. A comprehensive study of the nonlinear system dynamics was carried out by Towfighian et al. [33] to investigate parameters space of the actuator for stable and bi-stable behaviors, and chaotic oscillations.
In this study, a quadratic control law [34] is introduced for the electrostatic mirco-beam actuator to create an efficient resonator. The proposed resonator requires less voltage and produces larger motions compared to that previously reported [33] .
Actuator Model
The configuration of the electrostatic actuator is shown in Figure 1 and is comprised of a cantilever beam above a fixed electrode and a voltage regulator. The equation of motion for the micro-beam (Figure 2 ) using an EulerBernoulli model is
whereŵ(x,t) is the deflection of the beam in the transverseẑ direction,x is the coordinate along the beam length, andt is time. The linear viscous damping coefficient per unit length c is used to account for damping losses due to the beam motion through air, V is the applied voltage, A is the cross sectional area, I is the area moment of inertia, and the other parameters are defined in Table 1 . To simplify the notation,ŵ(x, t) is shown asŵ. Multiplying both sides of the equation by the denominator of the electrostatic force and using the nondimentional parameters
where L is the beam length, and
Eq. (1) is rewritten as
where The normalized partial differential equation of motion of the closed-loop actuator is
where V in is the system voltage input, and V c is the controller voltage. To obtain the static and dynamic responses of the actuator, the partial differential equation of motion in Eq. (6) is converted to an ordinary differential equation using separation of variables and a one-mode Galerkin's expansion as described in [33] . Two ordinary differential equations are thus obtained:
where q is the normalized beam tip deflection, ω 1 is the first natural frequency of the beam, and c 1 , c 2 , and c 3 are found from applying Galerkin's method. The second equation represents the quadratic controller law with a constant integrator gain K I . The parameters a 0 ; a 1 ; ;a 2 in the controller equation are constants chosen to obtain four equilibrium points for a voltage range as explained in section 3.
To implement the electronic circuit of the controller, the second equation is rewritten to include dimensional time:
where the value of the integrator gain
T is given in Table 1 . The actuator parameters in Table 1 are identified experimentally [34] . The natural frequency of the cantilever beam has been found experimentally to be 99.38 kHz and the beam length was determined to be 157 µm. 
Static Analysis
To study the behavior of the actuator, the location of the equilibrium points and their stability conditions are obtained. The location of the equilibrium points, in the static response, is found by solving the algebraic equation resulting from setting the time derivatives equal to zero in Eq. (7):
Eq. (9) describes the balance of the mechanical force and the regulated electrostatic force. The left hand side of the equation is the spring force multiplied by the denominator of the electrostatic force and the middle equation is the square of the difference of the input voltage and the regulated voltage. The equation can be solved graphically by plotting both sides of the equation as depicted in Figure 3 . As it is seen, the system shows bi-stability as the intersections representing the equilibrium points include two stable and two unstable equilibrium points. The stability conditions are determined by linearizing Eq. (7) around the equilibrium points and finding the eigenvalues. (9) showing the balance of the mechanical force and the regulated electrostatic force at For the system to be bistable, the middle quartic equation of Eq. (9) in terms of q should have two pairs of roots between 0 and 1 for an assumed V in , as shown by the dash dot line in Figure 3 . These roots then dictate the location of four equilibrium points in the solution of the equation. The farther the roots in each pair are from each other, the closer the first stable and last unstable equilibrium points get to the location of the beam initial position and the fixed electrode, respectively. Assuming the roots, the unknown coefficients of a 0 , a 1 , and a 2 are found from solving Eq. (9) .
The static response of the actuator for the quadratic controller is illustrated in Figure 4 at different input voltages. The eigenvalues of the equilibrium points at V in = 2 V are listed in Table 2 . It can be concluded from Figure 4 , and Table 2 that points 1 and 3 are stable equilibrium points and points 2 and 4 are saddles. In other words, the first and the third branches of the static profile are the loci of stable equilibrium points and the second and fourth branches are the loci of the saddles. The upper stable and unstable branches crosses the unity deflection line at 7.4 V, and 32.5 V, respectively. Beyond 32.5 V, The unstable and stable branches diverge from each other in the non-physical domain. The nondimensional natural frequency of the lower and upper equilibrium points (1 and 3) are 5.72 and 3.02 corresponding to 161.7 kHz and 85.37 kHz, respectively. The closed loop actuator reported [33, 35] consisted of a hyperbolic function ( q 1−q ) in contrast to the quadratic function introduced here. Figure 5 shows the nondimensional deflection of the closed loop actuator with the hyperbolic function. There exists a region of bistability and the upper stable branch approaches the unit deflection line asymptotically. The advantages of the quadratic controller ( Figure 4 ) are wider bi-stability input voltage range and lower bi-stability operating voltage. The bi-stability input voltage region for the quadratic controller extends over 20.95 V which is four times larger than that of the actuator presented in Figure  5 . The quadratic controller also poses lower bi-stability operating voltages: 1.75 V to 22.7 V compared to a minimum operating voltage of 110 V for the system shown in Figure 5 , thus reducing the requirements on the electronic components in the regulator circuit.
The controller quadratic law is chosen so that the chaotic resonator can be produced both from bi-stability and from a stable system with an unstable equilibrium placed far from the stable equilibrium point. In other words, the system has four equilibrium points including two stable and two unstable as well as two equilibrium points composed of one stable and one unstable equilibrium point at different ranges of voltage, obtained from solving the static equilibrium Eq. (9). The quadratic controller has also the advantage of tunability in terms of the size of the potential wells of the actuator in the bi-stability region. This property can be seen by in Figure 4 . At low voltages, the upper equilibrium point is close to the lower saddle, while the lower equilibrium point is far from the saddle indicating a large and deep lower well. As the voltage increases, this situation reverses and the upper well becomes larger and deeper as the lower well becomes smaller and shallower.
In terms of implementation, as q → 1, the proposed quadratic controller circuit is less susceptible to noise than the previous controller [36] by featuring a hyperbolic function ( 
Dynamic Analysis
The steady-state dynamic response of the actuator to a biased harmonic voltage V in = V DC + V AC cos Ωt is found by integrating Eq. (7) numerically for 5000 periods of excitation and retaining the last 128 periods. Phase space of dynamic orbits according to Eq. (7) consists of three axes: nondimensional velocity, nondimensional displacement and controller voltage. The phase portraits found in this section are cross sections of the orbits in the three dimensional phase space. Bifurcation diagrams are also found revealing the excitation amplitude and frequency ranges where periodic and chaotic vibrations occur. To take advantage of the dynamic amplification available in the vicinity of primary resonance, we excite at a nondimensional frequency of 3.2, corresponding to 90.4 kHz, which is slightly above the natural frequency of the upper equilibrium point. It should be noted that due to squared voltage term in Eq. (7), the actual excitation frequency is double the nominal excitation frequency. Chaos at this frequency occurs at an AC amplitude of V AC = 1 V (Figure 7 ). Figure 7 shows that almost, but not quite, periodic oscillations with short intervals of irregularity develop in the lower well, grow to exceed the potential hump (saddle) and cross to the upper well before being injected back into the lower well to repeat the process. This behavior is typical of an intermittency route to chaos, which is different from the period doubling route to chaos found in the actuator studied in [33] . The chaotic motion developed in this case is mostly in the lower well and between the two wells as the phase portrait and time series of the deflection show. In this case, chaos appears subsequent to a subcritical period-doubling bifurcation. In the former case, chaos appears subsequent to a cascade of supercritical period-doubling bifurcations. The controller voltage is also limited between 10 to 19 V reduced by more than half of the voltage required by the previous controller [33] to produce same ranges of oscillation. 
Force Sweep
Observing chaotic attractors mainly in the lower-well led us to seek chaotic attractors that are limited strictly to one well at small DC voltages. Therefore, bifurcation diagrams were obtained from force sweeps at zero DC voltage while keeping the excitation frequency constant. A single stable equilibrium is available at V DC = 0 located at 0.08 of the gap with a natural frequency of 164 kHz (Figure 4 The bifurcation diagrams illustrate the progression from periodic motion to intermittent chaos. Chaos disappears beyond a voltage limit where the orbit grows and touches the stable manifold of the upper saddle leading to dynamic pull-in. At the lowest frequency of Ω = 90.4 kHz, there is a hysteric jump in the amplitude at V AC = 0.68 V before chaos occurs as the AC voltage increases. The frequency of this is close to the threshold frequency of 89.84 kHz for the appearance of chaos, below this frequency the chaotic oscillations vanish.
The higher the frequency is, the larger the threshold of AC voltage becomes for the chaotic motions. The reason is that the kinetic energy is higher for higher frequencies making the potential energy and displacement smaller for a constant input energy. That means, orbits at higher frequencies require more voltage to approach the manifold of the saddle and become chaotic. Conversely, the chaotic attractor grows along the displacement axis as the frequency decreases, which is clear comparing the largest attractor at each frequency. For the similar reason, the AC voltage range for the chaotic motion is the shortest at the largest frequency Ω = 94.64 kHz shown since more expansion along the velocity axis makes the attractor touch the manifold vertically for a smaller increase in AC voltage. Therefore, to create a chaotic resonator, it is desired to operate as close as possible to the threshold frequency to produce a large displacement signal that makes the detection easier.
The chaotic attractor with the widest footprint along the displacement axis is illustrated in Figure 9 at the frequency of 90.4kHz and V DC = 0 V, V AC = 1 V. The displacement signal in part (b) shows vibrations up to 82% of the gap below and 35% above the neutral position of the beam. Such large motions are possible by locating the saddle very close to the fixed electrode, and locating the stable equilibrium close to the undeflected beam position (See Figure 4) . It is also noted that even for large oscillations, the controller voltage shown in Figure 9 (c) is limited to the range 8 V to 17 V . Hence, the quadratic controller made the total displacement signal as large as 117% of the gap while requiring the controller output voltage as small as 9 V. Using the previous controller, actuation was only feasible up to 90% of the gap at the cost of twice the controller voltage [35] .
Furthermore, such large attractors could indicate the controller robustness as it shows the system can survive the large irregular, but bounded chaotic oscillations covering almost the entire phase space. The quadratic regulator can also control the attractor size and location by appropriate selection of operation point within the excitation parameter space: DC voltage (Figure 4) , AC voltage and frequency (Figure 8) .
Further, the input voltage to the system for large chaotic attractors does not require any DC voltage, compared to 110 V DC ( Figure 5 ) for the previous controller [33] . Eliminating DC voltage prevents leakage current into the isolation layers of the actuator and avoids drift of the measured parameter values over time. 
Frequency Sweep
The frequency response curves shown in Figures 10 and  11 are obtained by sweeping the frequency of excitation at two fixed AC voltages of V AC = 1.23 V, and V AC = 1 V, respectively. The results are obtained by solving Eqs. (7) numerically for 5000 periods of AC excitation. Poincaré sections are obtained by sampling the last 128 periods at the period of excitation starting from the maximum displacement. Decreasing the excitation frequency in the first case from 113 kHz, the period-one orbit grows until chaos appears through an intermittency route at 93.51 kHz and continues down to 91.8 kHz. Below that, the chaotic attractor becomes very large, touches the stable manifold of the saddle and goes to dynamic pull-in, in a process known as the escape from a potential well [37] . The escape region, where there is no solution, persists down to the frequency of 85.3 kHz, below which the system response continues to be periodic with small period-one orbits. Operation in this region should be avoided since it will lead to the moving electrode losing stability and coming into contact with the fixed electrode. Both frequency sweeps reveal softening-type response with a small chaotic region. Comparing the two bifurcation diagrams, the escape region shrinks, the threshold frequency for chaos drops, while the largest attractor grows for lower AC excitation. Lowering down the AC excitation voltage eventually eliminates the escape region and the chaotic region to be replaced by multivalued periodic responses and hysteric jumps observed in the force sweep start to appear. The largest chaotic attractors shown in Figures 10 and 11 correspond to the largest attractors in Figure 8 for frequencies of 91.8 kHz and 90.4 kHz, respectively. 
Information Entropy
Information entropy is used as a metric to verify the chaotic attractors observed in this study. The size of a box that surrounds the chaotic attractor in the three dimensional phase space (nondimensional velocity, nondimensional displacement, and controller voltage) is obtained and is divided to small cubes of size = 0.0002 V. Then a Poincaré section of the attractor is found by sampling at the period of excitation starting from the maximum displacement. The number of points in each cube is counted (N i ) and divided by the total number of points on the Poincaré section (N 0 ) to get
The information entropy is then calculated as [38] :
where N is the total number of cubes. The system is fully predictable when all points are located in one cell and therefore I = 0. Any value between 0 and 1 is a measure of the unpredictability of a chaotic attractor. The Poincaré section of the attractor shown in Figure 9 is illustrated in Fig. 12 . It clearly shows onset of chaos as the return-map fill an area rather than discrete points or an orbit. The information entropy is obtained for the attractor starting from different initial conditions in the phase space as presented in Figure  13 . Information entropies are found to vary between 0.732 and 0.737, which proves that the oscillations are chaotic. The figure also reveals that there is a common information entropy of 0.7324 for 23 out of 26 initial conditions with a small variation of less than 0.005 for the other three initial conditions. Information entropy is also found for an attractor located at V AC = 1.8 V and Ω = 94.64 kHz in Figure 8 using the same initial conditions of Figure 13 . The calculated information entropies are illustrated in Figure  14 , which shows a common value of 0.732 for 23 out of 26 initial conditions and small variation for the other three initial conditions. The information entropy was also obtained for other attractors and it was observed that there was a dominant value of 0.732 for all attractors that does not depend on the excitation frequency or amplitude indicating a unique chaotic characteristic. 
Summary and Future Work
A voltage regulator with a quadratic control function is developed for an electrostatic actuator to make a large oscillator. Bifurcation diagrams obtained by sweeping the magnitude and frequency of excitation reveal periodic and large bounded chaotic oscillation regions in the parameter space. The quadratic controller demonstrates valuable advantages over the previously studied controller. Not only the the quadratic regulator improves the system handling of noise, but also it requires no input DC voltage that avoids leakage current in the isolation layers of MEMS. The regulator drives the beam to vibrate in the positive and negative directions for a total range of 117% of the gap. It requires only half of the previous regulator output voltage, thus decreasing the load on the circuit components. The large oscillations of the quadratic resonator are important as they are bounded in the phase space, thus making detection easier which suitable for use in sensing applications. Furthermore, the resonator is potentially robust as it demonstrates a stable response over a large area of the phase space. The regulator has two potential functions: one-well once the DC and RMS of AC voltage is below a threshold, and two-well once this value is above the threshold. Both potential functions can be used for linear or non-linear oscillators depending on the purpose. The one-well potential field allows creation of an oscillator with a large chaotic attractor. The two-well potential field allows creation of both a relatively small one-well attractor protected by the upper well and a large twowell attractor. The size of the chaotic attractors are also controllable setting the frequency of excitation.
Finally a metric of chaos, namely information entropy, is used to prove that the observed long period orbits are indeed chaotic and to measure their irregularity. It was found the chaotic attractors have a dominant information entropy of 0.732 that does not depend on the excitation frequency and magnitude and is a characteristic of the chaotic process in the quadratic resonator.
In order to realize a prototype for the controller in the future work, similar approach used by the authors [36] to make the hyperbolic controller can be applied. The controller was implemented using an analog circuit. In that study, to measure the deflection used by the circuit, a laser Doppler vibrometer was used to measure the velocity at the tip of the moving electrode which was then integrated to obtain the tip displacement. For a controller prototype, the same approach can be used here to measure the beam tip displacement and to use that signal in an analog circuit controller with a quadratic function. For practical implementation of a real system, an approach that can measure the phase difference between input voltage and output voltage is probably more suitable than capacitive sensing, since large parasitic capacitance will make impede measurements highly inaccurate.
